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A single-column model run under the weak temperature gradipproxima-
tion, a parameterization of large-scale dynamics appatgffor the tropical at-
mosphere, is shown to have multiple stable equilibria. Wredaditions permit-
ting persistent deep convection, the model has a statlgtet@ady state in which
such convection occurs, as well as an extremely dry statehinhaconvection

does not occur. Which state is reached depends on the imtature profile.
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SOBEL ET AL.: MULTIPLE EQUILIBRIA X-3

1. Introduction

In the extratropics, balanced dynamics associated withdtiarc eddies can force precipita-
tion strongly by inducing ascent and adiabatic cooling.hktropics, the reasons for the onset
of precipitation at a given time and place are often much nsokele, and large-scale ascent
more a response to deep convection than a cause. On the atidgrih the tropics the rela-
tionship of time-mean precipitation to boundary condiiasmgenerally stronger than itis in the
extratropics. In simple models of tropical climate dynasnitis typical to treat the time-mean
tropical precipitation as deterministically related te thoundary conditions. While this may
for many purposes be adequate, it is clear that the time ntate particularly in climatologi-
cally rainy regions, is an average over periods of strongipitation and periods of negligible
precipitation. As precipitation cannot be negative, thiplies an inherent nonlinearity that is
overlooked in deterministic models of the time mean stdtalsb suggests that transient distur-
bances, or other factors whose relationship to the bourmtarglitions is at best hard to discern,
may play a role in maintaining the time-mean state.

In this study we present a very simple expression of thespepties of the tropical atmo-
sphere, namely its nonlinearity and the potential compkshidden in its time-mean response
to boundary conditions. We show that a single-column mod#i tnoundary conditions per-
mitting strong deep convection can have two stable steadgtétistically steady) states: one
in which persistent deep convection occurs, and one in witidbes not. Which solution is

reached in numerical integrations depends on the initiastare field.
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X-4 SOBEL ET AL.: MULTIPLE EQUILIBRIA

2. Modd and Experiment Design

We use the single column version of the GEOS-5 general atioml model (GCM).
A description of the GEOS-5 system and its physical paramzeteons may be found at
http://gmao.gsfc.nasa.gov/systems/geos5/, and a hrtehe is presented in the auxiliary ma-
terials.

The model is run over an ocean surface with fixed SST. Theatisoland solar zenith angle
are held constant at values of 400m~—2 and zero respectively. The surface wind speed, used
in the bulk formulae for the surface fluxes, is set to a constaus .

The experiment design is essentially the same as that usssbei and Bretherton [2000;
hereafter SB00]. The model s first run to a state of radiatimevective equilibrium (RCE) over
an SST of 301 K. In this calculation the large-scale vertiedbcity is set to zero. The tempera-
ture profile from the RCE calculation is then used as an inpatdet of calculations in which the
model is modified to implement the weak temperature graq\&itG) approximation. In the
WTG calculations, the temperature profile is held fixed inetimthe free troposphere, defined
somewhat arbitrarily as those levels with pressures lessith,= 850 hPa. At those levels, the
large-scale vertical velocity is diagnosed as that whialsea the vertical advection of potential
temperature to precisely balance the diabatic heating atedy the model physics, consis-
tent with the requirement of zero temperature tendencyizdotal advection of temperature is
also assumed negligible. In the nominal boundary layemédfas levels with pressures greater
thanp,,,, the temperature is determined prognostically, with th¢iced velocity computed by
linear interpolation in pressure between the diagnosedgevalp;,, and an assumed value of

zero at the surface. At all levels, large-scale verticaleation of humidity and condensate —

DRAFT July 13, 2007, 2:48pm DRAFT



55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

SOBEL ET AL.: MULTIPLE EQUILIBRIA X-5

both of which are integrated prognostically as usual — aremged using the vertical gradi-
ents derived from the internally predicted profiles of theagables and the large-scale vertical
velocity diagnosed as described above.

In some experiments, the initial moisture profile is takemfrthe steady-state RCE solution.
In others, the initial moisture profile is obtained by segtthe free-tropospheric humidity to
zero.

In some experiments, horizontal advection of moisture gdewed, as in SB0OO. In others, it
is parameterized by a relaxation back to a fixed profile - thadt-state RCE solution - with
a fixed time scale. The time scale can be thought of as an advexte given by a length
scale associated with horizontal moisture gradients dividy a velocity, where the velocity
is thought of as a rotational one which is independent of litefgo that the time scale itself
is independent of height), and also independent of the madgmiof the divergent circulation
implied by the vertical velocity in the column. Another apach is to consider advection by
that divergent circulation itself, in which case the relé@arate is simplydw/dp, wherew is
the pressure vertical velocity apdhe pressureRaymond and Zen@005]. We have performed
calculations with this method also; the results are notitatadely different from those using
the fixed advective time scale.

All simulations are run for one year, by which time the modes heached a solution that is
statistically steady, and in many cases close to truly gteaskillations sometimes occur, as

described briefly below. Results presented are averagestm/iast 2 months.
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X-6 SOBEL ET AL.: MULTIPLE EQUILIBRIA
3. Results

3.1. GEOS5SCM

Fig. 1 shows the temperature and relative humidity profilemioed from the RCE calcu-
lation. The temperature profile is close to moist adiabagi@@pected. Fig. 2 shows time-
mean precipitation as a function of SST for the WTG experismie he figure is similar to
fig. 4 of SBOO; each point represents a different experimeath of which uses the same
free-tropospheric temperature profile, obtained from tl&Ralculation. The difference here
[besides that we use a different model; SBOO used the modoid et al.[1994]] is that we
show several sets of curves, obtained using differentimtioisture profiles, and different time
scales for horizontal moisture advection (SBOO did notudelthis process in any of their cal-
culations). We first describe the solid curves, which wertaioled using no horizontal moisture
advection.

When the initial moisture profile is taken from the RCE, a yastate is obtained for suffi-
ciently large SST. The shape of the curve of precipitatianSST for this set of solutions (the
upper blue curve) is qualitatively similar to that obtaidgdSB00. The lower blue curve curve
shows solutions obtained using an initial moisture profilsdt to zero in the free troposphere.

When the initial profile is sufficiently dry, apparently a ditate can be maintained although
the SST is high and the convective available potential gn@CAPE) for an undilute parcel
ascent would be substantial. For a dry profile, the convegqiarameterization is unable to
generate significant convective heating or precipitatfmesumably due to inhibition by en-
trainment of the dry air. In the absence of convective hgatiadiative cooling forces descent,
which maintains the dry state in the free troposphere. Ownther hand if the initial conditions

are sufficiently moist, for sufficiently large SST the deepwextive scheme is able to become
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SOBEL ET AL.: MULTIPLE EQUILIBRIA X-7

and remain active. If the ensuing heating exceeds the nagli@boling, it induces large-scale
ascent, which moistens the atmosphere further by large-sclvection, leading to the main-
tenance of the convective state. For SST below a criticaleyehere around 300.5 K, there is
insufficient CAPE (or strictly, work function; Arakawa andt@ibert 1974) for deep convection
to occur even if the initial profile is moist. Dry air can supps deep convection in the presence
of large CAPE, but moist air cannot cause it to occur if CAPRlsent. Thus the multiple
equilibria occur only for SST above the critical value.

Fig. 3 shows vertical profiles of relative humidity as fuocis of SST in the dry state and
the moist state, without horizontal moisture advection. s&e that the relative humidity in
the boundary layer is similar in both sets of solutions, bat the free-tropospheric humidity
is essentially zero in the dry case; in the absence of hamatenoisture advection, there is
no source of moisture to balance drying due to descent. §hssmewhat artificial, as in the
real atmosphere even the driest desert is connected tmeegfdinite humidity by horizontal
advection. The magenta and red curves in fig. 2 show resutig tsrizontal advective time
scales of 3 and 6 days, respectively (the no-advection casidveorrespond to an infinite
advective time scale); again the relaxation is towardsgetamoisture profile equal to that in the
RCE. We see that for the 3-day time scale, multiple equdibist only over a narrow range of
SSTs. The horizontal advective moistening in this casegmtsthe atmosphere from becoming
sufficiently dry to inhibit deep convection once SST excabdRCE value of 301 K by a small
increment. On the other hand, for a mixing time scale of 6 dédnesmultiple equilibria persist
up to large SST. In this case, the horizontal advective rapisg is too weak to overwhelm the

vertical advective drying, and the atmosphere can stay doygh to inhibit deep convection
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X-8 SOBEL ET AL.: MULTIPLE EQUILIBRIA

even for large SST if it is initialized sufficiently dry. Thesesults show that the existence
of multiple equilibria is not purely an artifact of the neglef horizontal moisture advection,
although sufficiently strong horizontal moisture advetctan eliminate the dry equilibrium (or
render it unstable so that it cannot be achieved numerjcally

In the cases with horizontal moisture advection, the prtipn is a non-monotonic function
of SST, with local maxima near 301K, the value at which the R@E computed. The solutions
in this neighborhood are time-dependent, either periodichaotic but with a dominant spec-
tral peak. The periods range from 1-20and maximum excursions of 0.5-1md !, with
the largest oscillations tending to occur for the higher $8llies although the dependence of
amplitude on SST is not monotonic. We do not understand tbgsidations in detail and do

not address them further here; our interest is in the presenabsence of multiple equilibria.

3.2. Interpretation

We consider under what conditions the multiple equilibra @xist. We can derive some
general constraints that any model must obey if it is to @b&dry solution under boundary
conditions and forcings that also allow a rainy solution.

Starting from the primitive equations, the steady tempeeatind moisture equations in pres-

sure coordinates are
u- VT +wdps =Q.+ R— dw's, (1)
u- v(] + Wapq - Qq - prqlv (2)

whereu is horizontal velocity]’ temperature in energy units (i.e., multiplied by the hegiaca
ity of air at constant pressurg,), s dry static energyg specific humidity in energy units (i.e.,

multiplied by the latent heat of vaporizatidn), R radiative heating). convective heatingy,
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SOBEL ET AL.: MULTIPLE EQUILIBRIA X-9

convective moisteningy large-scale vertical velocity, and the horizontal gradient on pres-

sure surfacesy’s’ andw’q’ are the turbulent fluxes, limited to the atmospheric bountiarer
(ABL), as parameterized by the model's boundary layer s&éh)emthe free troposphere these
fluxes are incorporated intQ. and@),.

The WTG approximation requires neglect of horizontal terapee advection in the free
troposphere; for the sake of argument let us also neglectdrdaal moisture advection and
horizontal temperature advection in the ABL. If there is eep convectiony). = @, = 0, the

equations for the free troposphere are:

woys = R, 3)
woyq = 0. (4)
Therefore, unless the radiative coolifRgs zero, the vertical velocity is non-zero and,q = 0.
Integrating from the top of the atmosphere, this in turndgel= 0 : the free troposphere has to
be dry for the non-convective equilibrium to exist. If han#al moisture advection is included,

the free-tropospheric humidity can be non-zero in this dayes

Equations (3) and (4) can be integrated over the ABL.:

(wBps) = (R) + H, (5)

(wOyq) = E, (6)

whereH andF are the surface sensible and latent heat fluxes{jaimdlicates the integral from

the surface to the top of the inversipg,.
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X-10 SOBEL ET AL.: MULTIPLE EQUILIBRIA

In our formulation,w varies linearly fromp;,, to the surface. Equations (5) and (6) can

therefore be rewritten:

Winv (827 — s1-,) = (R) + H, (7)

inv

Winvqdnm = Ea (8)

where the subscript/ indicates the vertically averaged value over the ABL afdis the dry
static energy at the top of the inversion. We used the fatttieghumidity at that level is zero.
Equation (8) gives us one constraint that must be satisfiextdar for the dry solution to
occur: the ventilation of the ABL by the subsidence has topensate the evaporation. On the
other hand, Equation (7) shows that the warming by surfagsilske heat flux and subsidence
has to be compensated by the radiative cooling. The two emsatan be rewritten as a single

condition for the existence of the non-convective equillibr:

R)+ H
S — SM

inv

As the SST increases;, increases, while::

mv

is fixed in WTG. The ABL stabilitys; — sy,
thus decreases. The radiative coolingr) increases too, and the surface heat filiss not very
sensitive to SST changes. The subsidengetherefore must increase with increasing SST. The
ABL specific humidityg,, also increases with SST. So the effect of ventilation ineesawith
SST.
To maintain the dry solution over an ocean surface, it is irtgma that the ABL air be able

to stay relatively moist as the SST increases so tha limited and the ventilation,,, g, IS
efficient. Otherwise~ will become very large due to the large air-sea humidity @stt(taking

surface wind fixed), and in general there is no mechanisnifoor (s;", — s5,)~' to become

large at the same time to compensate. In nature (and in madgls)pthe ABL generally does
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stay moist under a dry free troposphere, e.g., in subtrbjaide wind regions. In some models,
though, this may not occur; obvious examples are idealizedets in which the shape of the
entire vertical structure of the humidity field is fixed, sattthe ABL moisture is proportional to
the free-tropospheric moisture. This happens, for exanptae first quasi-equilibrium tropical
circulation model (QTCMNeelin and Zeng000]; Zeng et al[2000]). This can be remedied
by allowing a separate degree of freedom for boundary lay@store, as in some otherwise
similar models Wang and Li 1993;Neggers et a).2006; Sobel and Neelin2006; Khouider
and Majda 2006].

The second constraint that must hold in order for the drytswiuto occur is that the con-
vective heating and moistening remain zero, or at leastlsipat a dry free troposphere and a
cold sea surface, so that CAPE is negative, this will occuafty reasonable convective param-
eterization. For a dry free troposphere and a warm sea sdadhat non-entraining CAPE is
significantly positive, the results may be model-dependeatameterizations which are insuffi-
ciently sensitive to dry free tropospheric air may be abligaioerate some heating. Once heating
occurs, ifQ. + R > 0 there will be ascent, which will moisten the tropospheradiag to the
establishment of the rainy solution. Alternatively, if teeheme is not able to generate deep
convection and associated heating, but can produce enooigkeming above the ABL to even-
tually allow deep convection to occur, this will also leadhe rainy solution. It is reasonable
to expect that under the same boundary conditions, somelsnadehave multiple equilibria
and others will not.

We have performed preliminary experiments with a small neinab other SCMs in addition

to the GEOSS. In these experiments, we have been able toggadultiple equilibria in some
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X-12 SOBEL ET AL.: MULTIPLE EQUILIBRIA

but not all of the models. However, our search over the sphicétial and boundary conditions
in these other models has been cursory, so it is prematumato ahy conclusions from these

results. We will report on them in more detail when we havégrered a more thorough study.

4. Conclusions

We have shown that a single-column model using essentfa@lgame physics and numerics
as a state-of-the-art GCM has multiple equilibria, whenvuth fixed free tropospheric tem-
perature and diagnostic large-scale vertical velocityediag to the weak temperature gradient
approximation. When the boundary conditions are such alide a rainy equilibrium state,
a second equilibrium with no precipitation and a very drefteoposphere also exists, and is
reached by initializing the model with a very dry soundingdnisTdry equilibrium state persists
in the presence of parameterized horizontal moisture aidveacepresented as a relaxation of
the specific humidity back to a relatively moist referencefipg, as long as the relaxation time
scale is not too short. The critical value of this time scalegkistence of multiple equlibria is
about four days in this model. When the SST is sufficiently, lommpared to that at which the
free-tropospheric temperature profile would be in radetienvective equilibrium (RCE), only
the dry equilibrium exists.

The existence of the dry equilibrium under SST greater tih@RCE value requires that
the radiatively-driven large-scale descent be able to exqdficient moisture to balance the
surface evaporation, and that the convective parametiemnz@r explicit convection, in a cloud-
resolving model) be sufficiently sensitive to free-tropesic moisture that the dry troposphere
inhibits deep convection from occurring. Whether thesealiregnents are met may be model-

dependent.
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The existence of these multiple equilibria is a consequefitke interaction between deep
convection and large-scale dynamics, with the latter patarized here through the weak tem-
perature gradient approximation. The multiple equilifmasented here are in this respect fun-
damentally different than those found Benrd [1997], whose model did not include a repre-
sentation of large-scale dynamics. It seems possiblesimdtiobvious, that analogous multiple
equilibria would exist for other parameterizations of kugrale dynamics, similar in spirit to
the WTG approach used here but differing in detail (eBgrgman and Sardeshmuk004];
Mapes[2004]; Kuang[2007]).

The existence of these multiple equilibria strikes us agectiand simple expression of the
tropical atmosphere’s inherent nonlinearity. It illusésthe complexity that is hidden behind
the averaging when the time-mean precipitation, for examigl considered as a function of
boundary conditions.

We cannot be certain that the multiple equilibria would eks a hypothetical model with
“correct” physics. Recent studies suggest, however, Heateandency of many current convec-
tive parameterizations is to have too little, rather thamrtauch, sensitivity to free tropospheric
moisture, due to insufficient entrainment (e@erbyshire et al[2004]; Kuang and Bretherton
[2006]; Biasutti et al.[2006]). As we expect that more sensitivity will make the tipié equi-
libria more likely to exist, this suggests that they are nogly an artifact of a bias in the GEOS5
physics. In addition, in recent simulations of radiati@»eective equilibrium on a large domain
over uniform SST Bretherton et al.2005] deep convection occurs only in a single, small re-

gion, while the rest of the domain becomes extremely drys Dehavior is analogous to what
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we find here, with our single column representing either tlyeodrainy region separately. This

SOBEL ET AL.: MULTIPLE EQUILIBRIA

suggests that a cloud-resolving model run in WTG mode migghtexhibit multiple equilibria.
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Figure 2. Precipitation fumd~!) as a function of SST in the convective and non-convective

equilibria, with no horizontal moisture advection (bluelid) and with horizontal moisture
advection parameterized as a relaxation back to the RCHewith a time scale of 6 days

(magenta, dashed) and 3 days (red, dot-dashed). Eachr@prlesents a separate model inte-

gration.
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Figure 3. Relative humidity (%) as a function of SST and pressure imitr@e-convective (a)

and convective (b) equilibria, with no horizontal moistacdk/ection.
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